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Abstract. We study discrete-time quantum walks on a half line by means of spectral analysis. Cantero et al. [1]
showed that the CMV matrix, which gives a recurrence relation for the orthogonal Laurent polynomials on the unit circle
[2], expresses the dynamics of the quantum walk. Using the CGMV method introduced by them, the name is taken from
their initials, we obtain the spectral measure for the quantum walk. As a corollary, we give another proof for localization
of the quantum walk on homogeneous trees shown by Chisaki et al. [3].
1 Introduction
The random walk (RW) is one of the most important models to analyze problems in various fields. The quantum
walk (QW) is a generalization of the RW [4] with a hope that the QW plays such a role in the quantum field.
In fact, it has been shown that there are many results on useful applications of quantum speed up algorithms
of QWs (see [5] for a nice review) and approximations of QWs describing physical processes given by Dirac and
Schro¨dinger equations [6, 7, 8, 9, 10].
The time scaling order of weak convergence of QW with a space-homogeneous quantum coin is the square
of corresponding classical one. That is, while a random walker spreads in proportion to the square root of
time, a quantum walker spreads in proportion to time. In general, the shape of time scaled distribution is
an inverted bell-shape on a bounded support. See for the explicit expressions for the densities, for example,
[11, 12] (one-dimensional infinite lattice Z), [13] (two-dimensional infinite lattice Z2), and [3] (κ-homogeneous
tree Tκ). The review over the detailed discussions on the weak convergence of QWs can be seen in [14]. Another
important property of QW is localization which is defined by lim supt→∞ P (Xt = 0) > 0 in this paper, where Xt
is the QW at time t starting from the origin. The emergence of localization on Z is shown in the case of three-
and four- dimensional quantum coin [15, 16] by using the spatial Fourier transform, and spatial inhomogeneous
quantum coin by using the spatial Fourier transform [17], and a path counting method [18]. Through numerical
simulations, localization occurs with a periodic perturbation [19]. Localization in an aperiodic perturbation
is shown in [20] by using a “self duality” property of the QW. Localization on the other graphs have been
investigated, for example, Z2 [13, 21], semi-infinite one-dimensional lattice (Z+ = {0, 1, 2, . . .})[22] and Tκ [3]
by using the spatial Fourier transform and a path counting.
In this paper, we analyze the spectral measure and the corresponding Laurent polynomials of the unitary
operator describing the one-step time evolution of the whole system of the QW. In particular, we focus on
localization of the QWs. The analysis is based on the CGMV method introduced by Cantero et al [1]. The
name CGMV is taken from the initial of the authors [1]. Path counting methods [11, 12] or the Fourier analysis
[15, 23] are useful for the homogeneous case. However, in general, computations in these methods become
complicated for the inhomogeneous case, for example, one defect model [18]. On the other hand, the spectral
theory on the unit circle has a long history and has been well studied (see [2, 25, 26, 27, 28]). The CGMV
method used here is based on the theory. So it is expected that it would skip some involved procedures in
path counting methods and the Fourier analysis. Indeed, generating functions of the amplitudes corresponding
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to the limit measures can be easily obtained by using the Carathe´odory functions in the CGMV method, as
compared with usual two methods [3, 22]. Let µ be a probability measure on ∂D = {z ∈ C : |z| = 1}, where C
is the set of complex numbers. L2µ(∂D) denotes the Hilbert space of µ-square-integrable functions on ∂D. The
Laurent polynomials {χl(z)}∞l=0 are orthogonal polynomials on ∂D obtained by applying the Gram-Schmidt
orthonormalization to {1, z, z−1, z2, z−2, . . . } with respect to the following inner product:
(f, g) =
∫
z∈∂D
f(z)g(z)dµ(z),
where f, g ∈ L2µ(∂D). By the recurrence relation between Szego¨ polynomials coming from {1, z, z2, . . . } on
∂D [25] and the relation between the Laurent and Szego¨ polynomials, a recurrence relation for the Laurent
polynomials can be obtained (see [26, 27] for the detailed discussion). It is shown in [28] that the CMV matrix,
which is a five-diagonal band representation associated with the Verblunsky parameter (α0, α1, α2, . . . ), gives
the simplest expression for the recurrence relation of the Laurent polynomials. The CGMV method gives us
the CMV matrix [2] corresponding the QW. The Fourier transform [23] gives us simpler computational method
for the QW than the path counting method [11, 12] in some cases. However since the Fourier transform maps
the whole state space of the QW to the quantum coin space, it is hard to recover some aspects of the QWs. On
the other hand, the spectral analysis for the CMV matrix studied in [1, 26, 27] systematically gives us a more
efficient computation of the full system of the QW. In this paper, we show that by using the CGMV method,
the localization of the QW derives from the point mass of the spectral measure on ∂D. Furthermore, we give
a necessary and sufficient condition for localization and the stationary distribution discussed in [15, 21, 29] for
some class of QWs using the CGMV method. As a corollary, we obtain the stationary distribution of QW on
Tκ which was shown in [3] using a path counting method and the Fourier transform.
The rest of this paper is organized as follows. We consider the following two cases: (1) the CMV matrix with
null-odd Verblunsky parameter, i.e., (α0, α1, α2, . . . ) = (α, 0, α, 0, . . . ) and (2) null-even Verblunsky parameter,
i.e., (α0, α1, α2, . . . ) = (0, α, 0, α, . . . ). In Section 2, we explain the relations between the CMV matrix and
the corresponding QWs. That is, we clarify a relation between the CMV matrix with null-odd Verblunsky
parameter and the QW on Z+ with a self loop at the origin (Type I QW), and a relation between the CMV
matrix with null-even Verblunsky parameter and the QW with a reflection wall studied in [3, 22]. In Section 3,
we present results on localization for Types I and II QWs with a general spatial constant coin. We discuss the
relation between localizations of both Types of QWs and the eigenvectors at the point mass of spectral measure
for the corresponding CMV matrix. As a consequence, we give another proof for localization of the QW on Tκ
shown in [3]. Finally, in Section 4, we summarize on results.
2 Quantum walks and CMV matrices
The CGMV method is a new analytical tool for QWs introduced by Cantero et al. [1] The method is different
from path counting [3, 11, 12] and the Fourier analysis [3, 15, 16, 23]. We can get all information on QW from
the eigen system of the unitary operatorW which describes the one-step time-evolution for the system. Cantero
et al. [1] have shown that W can be expressed by a CMV matrix C related to Szego¨ polynomials [2, 28] and
analyze the spectral measure of the CMV matrix corresponding to W . In this section, we define the two types
of QWs (called Types I and II QWs) and give the corresponding CMV matrix, respectively.
Let C(α0,α1,... ) be the CMV matrix associated with the Verblunsky parameter (α0, α1, . . . ). The simplest
matrix representation for C(α0,α1,... ) is given by the following form [2, 28]:
C(α0,α1,... ) =

α0 ρ0α1 ρ0ρ1 0 0 0 0 0 . . .
ρ0 −α0a1 −α0ρ1 0 0 0 0 0 . . .
0 ρ1α2 −a1α2 ρ2α3 ρ2ρ3 0 0 0 . . .
0 ρ1ρ2 −α1ρ2 −α2α3 −α2ρ3 0 0 0 . . .
0 0 0 ρ3α4 −α3α4 ρ4α5 ρ4ρ5 0 . . .
0 0 0 ρ3ρ4 −α3ρ4 −α4α5 −α4ρ5 0 . . .
...
...
...
...
...
. . .

, (1)
where αj ∈ C satisfies |αj | < 1 and ρj =
√
1− |αj |2. At first we present the relation between the QW and the
CMV matrix. We give definitions of Types I and II QWs, respectively. Let the so called “quantum coin” U be
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denoted by
U =
[
cRR cLR
cRL cLL
]
∈ U(2), (2)
where U(2) is the set of 2 × 2 unitary matrices. We define ρ ≡ |cRR|, arg(cRR) ≡ σR, arg(cLL) ≡ σL, and
det(U) ≡ ∆, where arg(z) is the argument of z ∈ C. By the unitarity of U , we have ρ = |cLL|, ∆ = ei(σR+σL),
and cRL = −∆cLR.
1. Type I QW
The total space H(I) for Type I QW is generated by a standard basis {|0, S〉,
|0, L〉, |1, R〉, |1, L〉, |2, R〉, |2, L〉, . . .}. The time evolution W (I,U) with quantum coin U is denoted by
W (I,U)|0, S〉 = cRR|1, R〉+ cLR|0, S〉, W (I,U)|0, L〉 = cRL|1, R〉+ cLL|0, L〉,
W (I,U)|x,R〉 = cRR|x+ 1, R〉+ cLR|x− 1, L〉 (x ≥ 1),
W (I,U)|x, L〉 = cRL|x+ 1, R〉+ cLL|x− 1, L〉 (x ≥ 1).
2. Type II QW
The total space H(II) for Type II QW is generated by a standard basis
{|0, L〉, |1, R〉, |1, L〉, |2, R〉, |2, L〉, . . .}. Let γ ∈ R, where R is the set of real numbers. The time evolution
W (II,U) is denoted by
W (II,U)|0, L〉 = eiγ |1, R〉,
W (II,U)|x,R〉 = cRR|x+ 1, R〉+ cLR|x− 1, L〉 (x ≥ 1),
W (II,U)|x, L〉 = cRL|x+ 1, R〉+ cLL|x− 1, L〉 (x ≥ 1).
In this paper, we restrict initial states of Types I and II QWs to Ψ
(I)
0 = α|0, S〉+ β|0, L〉 and Ψ(II)0 = eiδ|0, L〉,
respectively, where |α|2 + |β|2 = 1 and δ ∈ R. Define a total weight of the passage from position y to position
x at time t with the quantum coin U by
Ξ(J,U)x,y (t) ≡
∑
d1,d2∈{R,L}
I{(x,d1),(y,d2)∈H(J)}(d1, d2)
×
{
〈x, d1|
(
W (J,U)
)t
|y, d2〉
}
|d1〉〈d2| (J ∈ {I, II}),
where |R〉 = T [1, 0], and |L〉 = T [0, 1] and IA(x, y) is the indicator function of A, that is, IA(x, y) = 1
((x, y) ∈ A), = 0 ((x, y) /∈ A). Here T is the transposed operator. Let X(I)t and X(II)t be Types I and II
QWs, respectively. Then the probability that a particle is measured in location x at time t is defined by
P (X
(J,U)
t = x) = ||Ξ(J)x,0ϕ(J)0 ||2 (J ∈ {I, II}), where ϕ(J)0 = T [α, β] (J = I), = eiδ (J = II). To get the matrix
representation of W (I,U), we give a one-to-one correspondence between the basis of H(I) and {0, 1, 2, . . .},
such that (0, S) ↔ 0, (0, L) ↔ 1, (k,R) ↔ 2k, (k, L) ↔ 2k + 1 (k ≥ 1). Put ΛI = diag[1, λ(I)1 , λ(I)2 , . . . ]
with λ
(I)
2k = e
−ikσR (k ≥ 0), λ(I)2k−1 = eikσL (k ≥ 1), where diag[λ0, λ1, . . . ] is a diagonal matrix, that is,
(diag[λ0, λ1, . . . ])l,m = δl,mλl. Then we see
W (I,U) = ΛI
TC(a0,0,a2,0,... )Λ∗I , (3)
where aj = a∆
−(j+1)/2 (j = even), = 0 (j = odd) with a = cLR∆1/2. Equation (3) gives a relation between
the null-odd CMV matrix and Type I QW. On the other hand, for Type II QW, a one-to-one correspondence
between the basis of H(II) and {0, 1, 2, . . .} is given by (0, L)↔ 0, (k,R)↔ 2k− 1, (k, L)↔ 2k (k ≥ 1). Define
ΛII ≡ diag[1, λ(II)1 , λ(II)2 , . . . ] with λ(II)2k = e−ik(σL−γ), λ(II)2k+1 = eik(σR−γ). Thus we also see
W (II,U) = eiγΛIIC(0,b1,0,b3,... )Λ∗II , (4)
where bj = b(e
−iγ∆)−(j+1) (j = odd), = 0 (j = even) with b = cLR∆e−iγ . Equation (4) gives a relation
between the null-even CMV matrix and Type II QW. Denote the Laurent polynomials for C(α0,α1,... ) as ûj(z)
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(j = 0, 1, . . . ) and v̂j(z) satisfying û(z)C(α0,α1,... ) = zû(z) and C(α0,α1,... )v̂(z) = zv̂(z) respectively, where
û(z) = [û0(z), û1(z), . . . ] and v̂(z) =
T [v̂0(z), v̂1(z), . . . ]. If the original Verblunsky parameter (α0, α1, α2, . . . )
is changed to
(α0e
iw, α1e
2iw, α2e
3iw, . . . ), then the corresponding Laurent polynomials and spectral measure can be rewritten
as follows:
û2k−1(z)→ eikwû2k−1(e−ikwz), û2k(z)→ e−ikwû2k(e−ikwz), (5)
v̂2k−1(z)→ e−ikwû2k−1(e−ikwz), v̂2k(z)→ eikwû2k(e−ikwz), (6)
µ(z)→ µ(e−ikwz). (7)
Let α ∈ C with |α| < 1 and
C(α) =
[√
1− |α|2 −α
α¯
√
1− |α|2
]
.
From the definition of the weight of a passage and Eqs. (1) and (2) for ∆ = 1, γ = 0 case, we should remark
that
Ξ(I,C(α))x,y (t) =

(
Ct(α,0,α,0,... )
)
2y,2x
(
Ct(α,0,α,0,... )
)
2y+1,2x(
Ct(α,0,α,0,... )
)
2y,2x+1
(
Ct(α,0,α,0,... )
)
2y+1,2x+1
 (x, y ≥ 0),
Ξ(II,C(α))x,y (t) =

(
Ct(0,α,0,α,... )
)
2x−1,2y−1
(
Ct(0,α,0,α,... )
)
2x−1,2y(
Ct(0,α,0,α,... )
)
2x,2y−1
(
Ct(0,α,0,α,... )
)
2x,2y
 (x, y ≥ 0),
where if i, j < 0, then we put
(
Ct(α0,α1,... )
)
i,j
= 0. Thus Eqs. (3)-(7) and orthonormality of the Laurent
polynomials give the weight of a passage with a general quantum coin U , Ξ
(J,U)
x,y (t), as follows:
Ξ(I,U)x,y (t) = (∆
1/2)tei(x−y)φ ×D∗(φ)Ξ(I,C(a))x,y D(φ), (8)
Ξ(II,U)x,y (t) = (∆
1/2)tei(x−y)φ ×D∗(ψ)Ξ(II,C(b))x,y D(ψ), (9)
where ψ = σR − γ, φ = (σR − σL)/2, D(θ) = diag(eiθ/2, e−iθ/2), a = cLR∆1/2, and b = cLR∆e−iγ with
∆ = det(U). As a summary of this section, Types I and II QWs with quantum coin U defined by Eq. (1) can
be re-expressed by the CMV matrices with the Verblunsky parameters (a, 0, a, 0, . . . ) and (0, b, 0, b, . . . ) under
the correspondences
a = cLR∆
1/2, b = cLR∆e
−iγ , (10)
respectively. The explicit expressions for Ξ
(I,C(a))
x,y and Ξ
(II,C(b))
x,y can be obtained by the spectral analysis for
C(a,0,a,0,... ) and C(0,b,0,b,... ) in the next section.
3 Localization and point mass of spectral measure
In this section, we will consider the relation between the spectral measure of the CMV matrix and localization
of the corresponding QW. Here we define “localization” as follows: there exists Ψ(J) ∈ H(J) such that
lim sup
t→∞
|〈Ψ(J),
(
W (J,U)
)t
Ψ
(J)
0 〉| > 0, (J ∈ {I, II}).
As we will show, the stationary distributions for Types I and II QWs are described by the Laurent polynomials
at the point mass of the corresponding spectral measure. Let µ(I) and µ(II) be the spectral measures for
C(a,0,a,0,... ) and C(0,b,0,b,... ), respectively. Let {x̂j(z)}∞j=0 and {χ̂j(z)}∞j=0 denote the Laurent polynomials of µ(I)
and µ(II) satisfying
C(a,0,a,0,... )x̂(z) = zx̂(z), χ̂(z)C(0,b,0,b,... ) = zχ̂(z), (11)
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where x̂(z) = T [x̂0(z), x̂1(z), x̂2(z), . . . ] and χ̂(z) = [χ̂0(z), χ̂1(z), χ̂2(z), . . . ] with x̂0(z) = χ̂0(z) = 1, respec-
tively. Therefore (
Ct(a,0,a,0,... )
)
lm
=
∫
|z|=1
ztx̂l(z)x̂m(z)dµ
(I)(z),(
Ct(0,b,0,b,... )
)
lm
=
∫
|z|=1
ztχ̂l(z)χ̂m(z)dµ
(II)(z).
To get the spectral measure µ(J), we compute the Carathe´odory function F (J)(z) (J ∈{ R,L}) which are given
by
F (I)(z) = lim
j→∞
x˜j(z)
xj(z)
, F (II)(z) = lim
j→∞
χ˜j(z)
χj(z)
(|z| < 1), (12)
where x˜j(z) and χ˜j(z) are the Laurent polynomials whose Verblunsky parameters are −αj when the original
ones are αj . Put B(J) = {θ ∈ [−pi, pi) : limr↑1 F (J)(reiθ) = ∞} for J ∈ {R,L}. Then the spectral measure is
obtained by
dµ(J)(eiθ) = w(J)(θ)
dθ
2pi
+
∑
θ0∈B(J)
m
(J)
0 (θ0)δ(θ − θ0)dθ, (13)
where
w(J)(θ) = lim
r↑1
Re
(
F (J)(reiθ)
)
, m
(J)
0 (θ0) = lim
r↑1
1− r
2
F (J)(reiθ0 ). (14)
Here Re(z) is the real part of z ∈ C. If w(J)(θ) is L1 integrable, then by the Riemann-Lebesgue lemma and
Eqs. (8) (9), Ξ
(J)
k,0(t) can be given by, for sufficiently large time step t,
Ξ
(I)
k,0(t) ∼ (∆1/2)teik(σR−σL)/2
×
∑
θ0∈B(I)
m
(I)
0 (θ0)
[
x̂2k(e
iθ0) e−i(σR−σL)/2x̂2k(eiθ0)x̂1(eiθ0)
ei(σR−σL)/2x̂2k+1(eiθ0) x̂2k+1(eiθ0)x̂1(eiθ0)
]
, (15)
Ξ
(II)
k,0 (t) ∼ (∆1/2)teik(σR−σL)/2 ×
∑
θ0∈B(II)
m
(II)
0 (θ0)
[
e−i(σR−γ)χ̂2k−1(eiθ0)
χ̂2k(e
iθ0)
]
, (16)
where A(t) ∼ B(t) means limt→∞ |(A(t))l,m/(B(t))l,m| → 1 for l,m ∈ {1, 2}. Here A(t) and B(t) are 2 × 2
matrices.
4 Main results
Now we give explicit expressions for the limit measures of Types I and II QWs.
Theorem 1 Let X
(I)
t be Type I QW whose the Verblunsky parameter (a, 0, a, 0, . . . ) at time t with the initial
coin state T [α, β] starting from the origin. The quantum coin is given by
U =
[
cRR cRL
cLR cLL
]
.
with a = cLR∆
1/2. Then we have
lim
t→∞
P (X
(I)
t = x) =
Re(a)2
1− Im(a)2 |αe
iφ/2 + βe−iφ/2νI(a)|2(1 + ν2I (a))ν2xI (a), (17)
where φ = (σR − σL)/2, and
ν(I)(a) =
sgn(Re(a))
ρ
{
√
1− Im(a)2 − |Re(a)|}.
Here σR(L) = arg(cRR(LL)), ∆ = det(U) and ρ =
√
1− |a|2.
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From the Eq. (17), we obtain the necessary and sufficient condition for localization of Type I QW on both
the quantum coin and the initial state in the following.
Corollary 1 Localization of Type I QW from the origin with the initial coin state T [α, β] occurs if and only if
Re(a) 6= 0, αeiφ/2 + βe−iφ/2νI(a) 6= 0.
The first condition depends only on the quantum coin and the second one depends not only on the quantum
coin but also the initial coin state.
Next, we give the limit measure for Type II QW.
Theorem 2 Let X
(II)
t be Type II QW whose the Verblunsky parameter (0,b,0,b,. . . ) at time t with the initial
state eiδ starting from the origin. The quantum coin is given by
U =
[
cRR cLR
cRL cLL
]
with b = cLR∆e
−iγ. The weight of right moving from the origin is eiγ (γ ∈ R). Then we have
lim
t→∞
P (X
(II)
t = x)
=
1 + (−1)x+t
2
×
{
|M(b)|2 : x = 0,
|M(b)|2(1 + 1/{ν(II)(b)}2){ν(II)(b)}2x ; x > 0, (18)
where ν(II)(b) = ρ/|1 + b| and
M(b) =
{
1 + sgn
(|b|2 + Re(b))} ∣∣∣∣ |b|2 +Re(b)(1 + b)2
∣∣∣∣ .
Here ∆ = det(U) and ρ =
√
1− |b|2.
From Eq. (18), the necessary and sufficient condition of localization of Type II QW on the quantum coin
can be seen as follows. Remark that the following necessary and sufficient condition is independent of the initial
state eiδ.
Corollary 2 Define D ≡ {(x, y) ∈ R2 : x2 + y2 < 1}. Let the Verbulunsky parameter (0, b, 0, b, . . . ) of Type II
QW be b = x+ iy with (x, y) ∈ D. Then the necessary and sufficient condition of localization of Type II QW is
given by
(x, y) ∈ {(x, y) ∈ D : (x+ 1/2)2 + y2 > (1/2)2}.
The Type II QW for α = 2/κ−1 and γ = 0 (resp. γ = pi) corresponds to the discrete-time QW on κ-regular
tree Tκ with the uniform initial qubit ϕ
A
0 (Case A) (resp. weighted initial qubit ϕ
B
0 (Case B)) at the origin [3],
where ϕJ0 =
T [1/
√
κ,wκ/
√
κ,w2κ/
√
κ, . . . , wκ−1κ /
√
κ] with wκ = 1 (J = I), = e
2pii/κ (J = II). As a consequence,
we can give the stationary distribution for the QW on κ-regular tree corresponding to the result shown in [3]
as follows.
Corollary 3 Let Y κt be the distance from the origin of the QW on Tκ at time t. Then we have
lim
t→∞
P (Y κt = x) =
1 + (−1)t+x
2
×
{
C(κ) : x = 0,
κC(κ)
(
1
κ−1
)x
; x > 0,
where
C(κ) =
0 ; Case (A),(κ−2
κ−1
)2
; Case (B).
Proofs of Theorems 1 and 2: We show explicit expressions for the spectral measures and corresponding Laurent
polynomials for Types I and II QWs in Appendices A and B, respectively. Then substituting Eqs. (19), (21)
into Eq. (15) and Eqs. (22), (26) into Eq. (16), implies the desired conclusion with respect to localization of
Types I and II QWs, respectively. 
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5 Summary
We briefly summarize our results. In this paper we investigated localization and the limit distribution for
Types I and II QWs by using the CGMV method introduced by Cantero et al. [1]. We explicitly computed
the spectral measure of the CMV matrix corresponding to the QW. From the point mass of the measure, we
showed localization of the QW. Furthermore, we obtained the necessary and sufficient condition of localization
with respect to the quantum coin and the initial state. As a corollary, we gave another proof for localization of
the QW on homogeneous tree shown in [3]. In addition, we presented the limit distribution for the quantum walk.
Acknowledgements
This work was partially supported by the Grant-in-Aid for Scientific Research (C) of Japan Society for the
Promotion of Science (Grant No. 21540118).
References
[1] M. J. Cantero, F. A. Gru¨nbaum, L. Moral and L. Vela´zquez (2010), Matrix valued Szego¨ polynomials and
quantum walks, Communications on Pure and Applied Mathematics, 63, 464-507.
[2] M. J. Cantero, L. Moral and L. Vela´zquez (2003), Five-diagonal matrices and zeros of orthogonal polyno-
mials on the unit circle, Linear Algebra and its Applications, 362, 29-56.
[3] K. Chisaki, M. Hamada, N. Konno and E. Segawa (2009), Limit Theorems for Discrete-Time Quantum
Walks on Trees, Interdisciplinary Information Sciences, 15, 423-429.
[4] D. A. Meyer (1996), From quantum cellular automata to quantum lattice gases, Journal of Statistical
Physics, 85, 551-574.
[5] A. Ambainis (2003), Quantum walks and their algorithmic applications, International Journal of Quantum
Information, 1, 507-518.
[6] M. Katori, S. Fujino and N. Konno (2005), Quantum walks and orbital states of a Weyl particle, Physical
Review A, 72, 012316.
[7] F. W. Strauch (2007), Relativistic effects and rigorous limits for discrete and continuous-time quantum
walks, Journal of Mathematical Physics, 48, 082102.
[8] F. Sato and M. Katori (2010), Dirac equation with an ultraviolet cutoff and a quantum walk, Physical
Review A, 81, 012314.
[9] P. Kurzynski (2009), Relativistic effects in quantum walks: Klein’s paradox and Zitterbewegung, Physics
Letters A, 372, 6125.
[10] C. M. Chandrashekar, S. Banerjee and R. Srikanth (2010), Relationship between quantum walk and rela-
tivistic quantum mechanics, Physical Review A, 81, 062340.
[11] N. Konno (2002), Quantum random walks in one dimension, Quantum Information Processing, 1, 345-354.
[12] N. Konno (2005), A new type of limit theorems for the one-dimensional quantum random walk, Journal of
the Mathematical Society of Japan, 57, 1179-1195.
[13] K. Watabe, N. Kobayashi, M. Katori and N. Konno (2008), Limit distributions of two-dimensional quantum
walks, Physical Review A, 77, 062331.
[14] N. Konno (2008), Quantum Walks, In: Uwe, F., Schu¨rmann, M. (Eds.) Lecture Notes in Mathematics,
1954, 309-452, Springer-Verlag (Heidelberg)
[15] N. Inui, N. Konno and E. Segawa (2005), One-dimensional three-state quantum walk, Physical Review E,
72, 056112.
7
[16] N. Inui and N. Konno (2005), Localization of multi-state quantum walk in one dimension, Physica A, 353,
1330-144.
[17] N. Linden and J. Sharam (2009), Inhomogeneous quantum walks, Physical Review A, 80, 052327.
[18] N. Konno (2010), Localization of an inhomogeneous discrete-time quantum walk on the line, Quantum
Information Processing, 9, 405-418.
[19] A. Wo´jcik, T. Luczak, P. Kurzyn´ski, A. Grudka and M. Bednarska (2004), Quasiperiodic dynamics of a
quantum walk on the line, Physical Review Letter, 93, 180601.
[20] Y. Shikano and H. Katsura (2010), Localization and fractality in inhomogeneous quantum walks with self-
duality, Physical Review E, 82, 031122.
[21] N. Inui, Y. Konishi and N. Konno (2004), Localization of two-dimensional quantum walks, Physical Review
A, 69, 052323.
[22] T. Oka, N. Konno, R. Arita and H. Aoki (2005), Breakdown of an electric-field driven system: a mapping
to a quantum walk, Physical Review Letter, 94, 100602.
[23] G. Grimmett, S. Janson and P. Scudo (2004), Weak limits for quantum random walks, Physical Review
E, 69, 026119.
[24] S. Karlin and J. McGregor (1959), Random walks, Illinois Journal of Mathematics, 3, 66-81.
[25] G. Szego¨ (1975), Orthogonal Polynomials, 4th ed. American Mathematical Socienty, Colloquim Publica-
tions, 23.
[26] B. Simon (2005), Orthogonal Polynomials on the Unit Circle Part 1, Classical Theory, American Mathe-
matical Society Colloquim Publications, 54.
[27] B. Simon (2007), CMV matrix: Five years after, Journal of Computational and Applied Mathematics,
208, 120-154.
[28] M. J. Cantero, L. Moral and L. Vela´zquez (2005), Minimal representations of unitary operators and or-
thogonal polynimials on the unit circle, Linear Algebra and its Applications, 405, 40-65.
[29] M. Stefanak, T. Kiss and I. Jex (2008), Recurrence properties of unbiased coined quantum walks on infinite
d-dimensional lattices, Physical Review A, 78, 032306.
Appendix A
We give an explicit expression of spectral measure and corresponding Laurent polynomials for Type I QW.
The Laurent polynomials {xj(z)}∞j=0 for W (I,U) are given by the following recurrence relation (11):
x̂0(z) = 1, x̂2n−1(z) = B+(z)λn+(z) +B−(z)λ
n
−(z), x̂2n(z) = x̂2n−1(1/z), (19)
where
B±(z) =
±(z−1 − a)/ρ∓ λ∓(z)
λ+(z)− λ−(z) ,
with
λ±(z) =
1
2ρ
{
z + z−1 ∓ sgn(Im(e−i| arccos ρ|z))
√
(z − z−1)2 + 4|a|2
}
.
Here Im(z) is the imaginary part of z ∈ C and sgn(x) = 1 (x > 0), = 0 (x = 0), −1 (x < 0) for x ∈ R. Then
we can compute the Carathe´odory function by Eqs. (12) and (19) as follows:
F (I)(z) = lim
j→∞
˜̂xj(z)
x̂j(z)
= − z − z
−1 − 2iIm(a)√
(z − z−1)2 + 4|a2| − 2Re(a) . (20)
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Therefore from Eqs. (13) and (20), we obtain
w(θ) =
√
ρ2 − cos2 θ
| sin θ + Im(a)|I{θ∈[−pi,pi):| cos θ|<ρ}(θ).
Furthermore from Eq. (14), we can calculate B(I) and m(I)0 as follows:
B(I) = {arcsin(−Im(a))}, m(I)0 (θ0) =
|Re(a)|√
1− Im2(a)
(θ0 ∈ B(I)). (21)
These expressions agree with the ones given in [1].
Appendix B
We give an explicit expression of spectral measure and corresponding Laurent polynomials for Type II QW.
From the reccurence relation (11), we see that the Laurent polynomials {χj(z)}∞j=0 for W (II,U) are described as
χ0(z) = 1, (22)
χ2n(z) = B
(e)
+ (z)λ
n
+(z) +B
(e)
− (z)λ
n
−(z), (23)
χ2n+1(z) = B
(o)
+ (z)λ
n
+(z) +B
(o)
− (z)λ
n
−(z), (24)
where
B
(e)
± (z) =
±(z−1 − bz)/ρ∓ λ∓(z)
λ+(z)− λ−(z) , B
(o)
± (z) =
±(z − bz−1)/ρ∓ λ∓(z)
λ+(z)− λ−(z) × z.
Then we compute the Carathe´odory function by Eqs. (12) and (22) as follows:
F (II)(z) = − (1− b)z − (1− b)z
−1
bz + bz−1 −
√
(z − z−1)2 + 4|b2| . (25)
Therefore from Eqs. (13) and (25) we obtain
w(θ) =
√
|ρ|2 − cos2 θ
|Im[(b + 1)eiθ]|I{θ∈[−pi,pi):| cos θ|<ρ}(θ),
Furthermore by Eq. (14),
B(II) = {θ0 ∈ [−pi, pi) : Im ((b+ 1)eiθ) = 0} ,
m
(II)
0 (θ0) =M(b)/2 (θ0 ∈ B(II)), (26)
where
M(b) =
{
1 + sgn
(|b|2 + Re(b))} ∣∣∣∣ |b|2 +Re(b)(1 + b)2
∣∣∣∣ . (27)
In particular, in the case of b = ±(−1 + 2/κ) which corresponds to the QW on κ-regular tree [3], we obtain
dµ(θ) = (1− C(κ))
√
4(κ− 1)/κ2 − cos2 θ
2/κ · sin θ I{θ∈[−pi,pi):| cos θ|<2
√
κ−1/κ}(θ)
dθ
2pi
+ C(κ)
δ(θ) + δ(θ − pi)
2
dθ, (28)
where C(κ) = 0 if a = −1 + 2/κ, = (κ− 2)/(κ− 1) if a = 1− 2/κ.
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